Read June 7th, 1810.
1. F* h e expansion o f m ultinom ial functions has, o f late, been so ably and fully treated by M. A rbogast, in his lea rn ed w ork ' Du Calcul des D e r i v a t i o n s th at it m ay appear, perhaps, scarcely necessary to add any th in g to w hat has been w ritten, on the subject, by that excellent g e o m e te r.
Nevertheless, as he is the only one that has hitherto culti vated this part of analysis with any
success ; and as it is agreeable, I believe, to most persons, to be presented with various solutions to mathematical problems, I hope it will not be thought superfluous if I show how the same things may be accomplished in a very different manner.
By the procedure here made use of, we shall also be ena bled to arrive at many new and remarkable theorems ( both for direct and inverse d e r i v a t i o n ), which could not, I imagine, be very easily found by M. A rbogast' s methods.
For a function of one simple multinomial, I give (amongst others) the same rules of direct derivation, as that author ; but when there are m a n y ,and in the more difficult cases of double and triple multinomials, &c. or functions of any number of these, I offer new and expeditious methods; which are de monstrated with the less trouble, from the analogy which But, that we may enter rather more into particulars, let it be required from the terms already given, to find g the coeffi cient of x6 .
To make the operation plain, I have put a star over every term we are to use, excepting the coefficient of which is wholly employed. This process is sufficiently easy; but, in order to find any co efficient as it is by no means necessary for us to know all those that precede i t ; it may be immediately obtained from by a variety of ways : but we must first learn how to express
n-m by the fluxional coefficients of after which we shall only have to substitute in equations (2 ) This rule is, however, more simple in the enunciation than the practice; on which account I proceed to a 5. Second Method. W e might obtain one from equations (2) and ( 5 ) , but, as it would be somewhat worse than the last, I omit it; and substitute in equation (3 ) (2) In this expression, we must neglect in /3 all terms contain-1 1 (3) n in ing c, in /3 all those containing or c, and so on. Let it be required, for an example, to find the coefficient of , from that of x6 given in article 3. W e shall have, after neglecting such terms as are above specified, 
8.
To complete the theory of the expansion of any function of a simple multinomial, there remains, for us to solve, the. following Problem. the two terms of q, 
It is required to find
whence, after taking the fluents, and comparing the coeffi cients of the powers of x, with those of the same po (7 ), we find 
11.
To get methods of deriving any coefficient from the one immediately preceding it, we must substitute, in (£) and 2.3.4 -a n d the fluxional coefficient * , that multi plies any term, will have for the left hand figure over it that number which is the sum of the exponents of the c's ; for the next figure on the same side that number which is the sum of the exponents of the e's ; for the third that which is the of the exponents of the d's ; and so on.
The only difficulty then is to find these combinations (with out the possibility of missing any, or the trouble of finding the same more than once) by some regular process of deri vation.
A rule was given in Art. 8, when we were considering the similar problem in the case of one multinomial, for deriving all the combinations in B, in which the sum of the strokes is , c e, c e , . . . . . It is scarcely necessary to observe, that certain terms are understood to be neglected in equation (x), according to the rule given in article 10, which is, that all terms in the B's must be neglected, as we proceed, which contain quantities whose fluxions enter into the preceding terms.
The above expressions if considered not only in themselves, but with respect to the formulas that are immediately deducible from their developement and combination, in the manner that will presently be shewn, appear to be the most general and important in this branch of analysis. titles; c h a n g e, every w h e r e , ^ into •+ r .?, and take the fluent with respect to this last. The same terms must be kept only once, c is c W 0,0* By this rule we frequently find the same terms more than once, which disadvantage is, however, more than compensated by its shortness, and the ease and simplicity of the process.
Let it be required from B to find successively B , B , &c. cessary to calculate all the coefficients we may want by direct derivation; when we have got a few, in this manner, we may find the rest by the inverse method which is much easier. M. Arbogast has put the twenty-eight first terms in a table ;* of these there was need to calculate only four directly, as I shall show hereafter. But, to give an example of this inverse pro ceeding, let it be required to find B from B just now given.
2,2 2,3
Equation ( The extension of this to any number of multinomials is ex actly the same as the similar extension, for double multino mials, in the last article.
Second General Problem.

23.
It is required, in the case of the last problem, to find B without a knowledge of any other coefficient. The rule w ill proceed in this mtill it contains n the multinomial he of the nth order. The terms arising from all these parts must he added, and the same terms kept only once.
24. In treating multinomials of higher kinds, I have given rules by which certain terms are frequently found more than once.: this was done for the sake of simplicity, and that the precepts might be easily retained in the memory ; but was by no means a matter of necessity; for rules might without diffi culty have been formed (as from equations (v) and (J) for a double multinomial) by which no superfluous terms would have been found. 25. It will not be an improper termination of this paper, to state what are the peculiar advantages of the method pursued in it.
To many, I have no doubt, its brevity will be a recommend ation ; and that it requires no notation different from that in common use. This is simpler than the rule in article 8, and more conformable to the mode of expression made use of in other parts of the paper.
Note II. In looking back on what I have written, I am apprehensive it may be thought that I have affected too great brevity in the last paragraph of article That the reader may have no difficulty, the following problem is added, to illustrate what was said in the passage alluded to.
Problem. To find at once B in the expansion of a function o f two functions o f double multinom,n mials.
It is plain that B must contain all the possible combinations of c's and e's (see the m,n notation of article 21) that can be formed with this condition; that the number of left hand strokes be m ; the number of right hand strokes n. Every rth power must C C , f3 be divided by the product 2.3.4...?*. And the fluxional coefficient < p , that multiplies each term, will have, for the left hand figure and over it, the sum of the exponents of the c's in thatterm ; for the right hand figure /3 the sum of the exponents of the c's. Now to get all the combinations of the kind mentioned above, with their proper divisors, we must plainly take, for origins of derivation, all the terms of the following product, when actually multiplied. Let A> A S A 3» &c. represent the successive derivations made according to the rule in article 20. It is plain that all the terms got from the origin of derivation (A) will be expressed by the product
In this manner may the terms be derived from all the origins j after which we have only to arrange them under their appropriate fluxional coefficients. I f we wanted to find immediately B in a function of two multinomials of a m , n, r , & c. still higher kind, the method would be exactly similar.
Note III. In the preceding pages, I have considered the expansion of multinomial functions generally; and abstained from giving particular examples, that the paper might not be extended to an unreasonable length. There are, however, some cases, -when the function is a whole positive power-which require a separate notice. The method of direct derivation given in article 5, and a similar one at the end of article 11 will here fail: this indeed is of no consequence, as the rules in article 6 and 12 are both easier than the former, and applicable to every case. But it will be necessary to give new methods of inverse derivation } for if we consider those in the paper, in article 7 for example, it will easily appear, that though they are true generally for the mth power, the case is very different when we give to this letter the particular values 1, 2, 3, &c. The reason of which is that the fluxional coefficients o f f after the first, or the second, or the third, &c. vanish j and these functions may be said not im properly, when compared with the general form, to give defective expansions', any rules, therefore, which depend on the depression of the fluxional coefficients off (c) will be of no use here.
The following very extensive rule is the reverse of that, for direct derivation, in article 12. It agrees, in its simplest case, with that of M. Arbooast in his article 36.
